Abstruct-An adaptive fuzzy controller is constructed from a set of fuzzy IF-TH[EN rules whose parameters are adjusted on-line according to some adaptation law for the purpose of controlling the plant to track a given trajectory. In this paper, two adaptive fuzzy controllers are designed based on the Lyapunov synthesis approach. We require that the final closed-loop system must be globally staible in the sense that all signals involved (states, controls, pariuneters, etc.) must be uniformly bounded. Roughly speaking, the adaptive fuzzy controllers are designed through the following steps: first, construct an initial controller based on linguistic descriptions (in the form of fuzzy IF-THEN rules) about the unknown plant from human experts; then, develop an adaptation law to adjust the parameters of the fuzzy controller on-line. Wie prove, for both adaptive fuzzy controllers, that: 1) all signals in the closed-loop systems are uniformly bounded; and 2) the tracking errors converge to zero under mild conditions. We proviide the specific formulas of the bounds so that controller designers can determine the bounds based on their requirements. Finally, the adaptive fuzzy controllers are used to control the inverted pendulum to track a given trajectory, and the simulation results show that: 1) the adaptive fuzzy controllers can perform successful tracking without using any linguistic information; and 2) after incorporating some linguistic fuzzy rules into the controllers, the adaptation speed becomes faster and the tracking error becomes smaller.
I. INTRODUCTION UZZY control has been successfully applied to many F commercial products and industrial systems, where: 1) no accurate mathematical models of the systems under control are available; and 2) human experts are available to provide linguistic fuzzy control rules or linguistic fuzzy descriptions about the systems. Conventional nonadaptive control methods require that the mathematical model of the system is known, while most of the existing adaptive control approaches deal only with linear systems. Recently, there have been some researches which use artificial neural networks as building blocks of adaptive controllers for unknown nonlinear systems [lo] , [12] - [14] . However, these neural network adaptive controllers cannot incorporate linguistic control rules or linguistic system descriptionis directly into the controllers. Because so much human knowledge is represented in linguistic terms, incorporating it into controllers in a systematic way is very important. Although existing fuzzy controllers are capable of incorporating linguistic information, they are heuristic in nature in the sensa that there are no general design methods which guarantee the very basic requirements like stability, robustness, etc. The present practical successes of fuzzy control are mainly due to its low developing cost, high-speed implementation, and capability of incorporating linguistic information from human experts. As the application realm of fuzzy control expands from simpler problems (in the sense that there are only a few key variables, and that large number of trial-and-error experiments are permitted, like in washing machines, air conditioners, rice cookers, etc.) to more complex problems (in the sense that there are many key variables, and that unsuccessful trials are not permitted, like in chemical processes, power plants, aircrafts, etc.), there is a urgent need for systematic design methods of fuzzy controllers which: 1) assume no mathematical model of the system; 2) can incorporate linguistic information from human experts directly into the controllers; and 3) guarantee the global stability of the resulting closed-loop system.
The adaptive fuzzy controllers in this paper try to address this kind of problems. Roughly speaking, we use the following ideas. For the first requirement, we use nonlinear adaptive control concepts, where nonlinearity is required in order to cover a wider spectrum of practical systems, and adaptivity is required because the mathematical model is unknown. For the second requirement, we use fuzzy systems as basic building blocks of the adaptive fuzzy controllers so that linguistic fuzzy IF-THEN rules can be directly incorporated into the controllers. Finally, for the third requirement, we use some techniques in conventional adaptive control theory [ 11 J, [ 151, e.g ., Lyapunov synthesis, parameter projection, and in conventional nonlinear control theory [5] , [ 171, e.g., sliding control. More specifically, we use the Lyapunov synthesis approach to construct the basic adaptive fuzzy controllers, and use the sliding control and parameter projection to guarantee the boundedness of all signals.
In the conventional adaptive control literature, adaptive controllers are classified into two categories [12] : direct and indirect adaptive controllers. In direct adaptive control, the parameters of the controller are directly adjusted to reduce some norm of the output error between the plant and the reference model. In indirect adaptive control, the parameters of the plant are estimated and the controller is chosen assuming that the estimated parameters represent the true values of the plant parameters.
In fuzzy control, linguistic information from human experts can also be classified into two categories: 1) fuzzy control apply more force to the accelerator, THEN the speed of the car will increase," where the "more" and "increase" are characterized by fuzzy membership functions). Interestingly enough, adaptive fuzzy controllers which make use of these two classes of linguistic information just correspond to the direct and indirect adaptive control schemes, respectively. More specifically, direct adaptive fuzzy controllers use fuzzy systems as controllers, therefore linguistic fuzzy control rules can be directly incorporated into the controllers. On the other hand, indirect adaptive fuzzy controllers use fuzzy systems to model the plant and construct the controllers assuming that the fuzzy systems represent (approximately) the true plant, therefore fuzzy IF-THEN rules describing the plant can be directly incorporated into the indirect adaptive fuzzy controller. In this paper, we develop two indirect adaptive fuzzy controllers. A direct adaptive fuzzy controller was developed in [20] . In Section 11, we present a detailed description of fuzzy systems. In Section 111, we show the basic ideas, in a constructive manner, of how to construct indirect adaptive fuzzy controllers based on the fuzzy systems, and how to use the projection algorithm and sliding control to meet the control objectives. In Sections IV and V, the detailed design steps of two indirect adaptive fuzzy controllers are presented, and the properties (boundedness of the variables, convergence of the tracking error, etc.) of them are analyzed, respectively. In Section VI, the two adaptive fuzzy controllers are used to control the inverted pendulum to track a trajectory. Section VI1 concludes the paper. Fig. 1 shows the basic configuration of the fuzzy systems considered in this paper. The fuzzy system performs a mapping from U c R" to R. We assume that U = U1 x . . . x U,, where U, c R, i = 1 , 2 , . . . , n. We now present a detailed description of each of the four blocks in the fuzzy system in Fig. 1 . . , x , )~ E U and y E R are the inputs and output the fuzzy system, respectively, F: and G' are labels of fuzzy sets in U, and R, respectively, and 1 = 1 , 2 , . . . , M .
DESCRIPTION OF FUZZY SYSTEMS
Each fuzzy IF-THEN rule of (1) defines a fuzzy implication 181 F; x e . . x FA i G' which is a fuzzy set defined in the product space U x R. Based on generalizations of implications in multivalue logic, many fuzzy implication rules were proposed in the fuzzy logic literature. Here, we quote four commonly used fuzzy implication rules [8] :
Min-operation rule of fuzzy implication
Product-operation rule of fuzzy implication
* Arithmetric rule of fuzzy implication
* Maximum rule of fuzzy implication
where p F i X x F ; (~) is defined by P F j x X F A (~) = P F j ( 5 1 ) * " . * P F~ ( 2 n ) where "*" denotes the t-norm [8] which corresponds to the conjunction "and" in (1); the most commonly used operations for the t-norm are min(u, v) fuzzy intersection
bounded product.
B. Fuzzy Inference Engine
The fuzzy inference engine performs a mapping from fuzzy sets in U to fuzzy sets in R, based upon the fuzzy IF-THEN rules in the fuzy rule base and the compositional rule of inference [25] . Let A, be an arbitrary fuzzy set in U ; then, each R(l) of (1) determines a fuzzy set, A, o E ( ' ) , in R based on the following sup-star composional rule of inference:
where * is the t-norm (7), and p F j X x F ; + G~(~,~) is determined by the fuzzy implication rules of (2)-(5). The final fuzzy set A, o (I?('), . . . , R(") ) determined by all the M rules in the fuzzy rule base is obtained by combining pAZoR (2) ( y ) of (8) for 2 = 1 , 2 , . . . , M using fuzzy disjunction 
(10) bounded sum.
C. Fuzzifier
Thefuzzijier maps a crisp point x = ( 2 1 , . . . , z~)~ E U into a fuzzy set A, in U . There are at least two possible choices of this mapping:
(i) A, is a fuzzy singleton with support x, i.e., PA, (x') = 1 for x' = x and p~= ( x ' ) = 0 for all other x' E U with x1 # x;
(ii) p~, ( x ) = 1 and p~, ( x ' ) decreases from one as x' moves away from x, e.g., pA,(x') = e x p [ -y w ] . where U' is a parameter characterizing the shape of PA, (x'). In the literature, it seems that only the singleton fuzzifier (i) has been used. We think that the nonsingleton fuzzifier (ii) may be useful if the inputs are corrupted by noise.
D. Defuzzifier
The defuzzifier rnaps fuzzy sets in R to a crisp point in R. 
then U: is such a parameter. The modified center-average defuzzifier is justified as follows. Common sense indicates that the sharper the shape of ~G i ( y ) , the stronger is our belief that the output y should be nearer to y' = arg s u p g r E R ( p~~ (9')) [according to the rule R(') of (l) ]. The standard center-average defuzzifier, (12) , is a weighted average of the g"s, and the weight pA,oR(i) (yyl) determined by (8) do not take the shape of pGi(y) into consideration. This is clearly not satisfactory based on our common sense. An obvious improvement is the modified center-average defuzzifier (1 3).
Note that if we use the center-average or modified center-average defuzzifiers, we do not need to calculate the ~A ,~( R ( I ) , , . , , R ( M ) ) ( ; Y ) of (9); we only need to calculate the p A c o R (~) (y) of (8) in the fuzzy inference engine.
E. Two Subclasses of Fuzzy Systems
From Sections 11-A to 11-D, we see that the fuzzy systems of Fig. 1 comprise a very rich class of static systems mapping from U c Rn to R, because within each block there are many different choices, and many combinations of these choices can result in useful subclasses of fuzzy systems. We now consider two subclasses of fuzzy systems which will be used as building blocks of our adaptive fuzzy controllers.
The set of fuzzy systems with singleton fuzzifier, centeraverage defuzzijier, and product inference is all functions f : U c R" -+ R of the following form: where x = (XI, . . . , z,)~ E U, j j l is the point at which pGl (y) achieves its maximum value (without loss of generality, we assume that pGt(g') = l), and F," and G' are the fuzzy sets in (1).
The fuzzy system (14) is obtained by substituting (8) into (12) (center-average defuzzifier), substituting (6) into (3) and (3) into (8) If we fix the p F ; ( z Z ) ' s and view the jj"s as adjustable parameters, then (14) can be written as Y(X) = e T w (15) where 8 = (jjl,. . . , y")* is a parameter vector, and ((x) = (<'(x), . . . , <"(x))~ is a regressive vector with the regressor <'(x) (which is called fuzzy basis function in [23] ) defined as
In Section IV, we will use the fuzzy systems (15) as building blocks of our first adaptive fuzzy controller. The advantage of using the fuzzy system (15) is that although the y(x) is a nonlinear function of x, it is linear in its parameter 8 ; therefore, the adaptive fuzzy controller based on it is relatively easier to construct and analyze. The disadvantage of using the fuzzy system (15) is that since we cannot adjust the membership functions pF; ( T~) during the adaptation procedure, the adaptive fuzzy controller is not efficient in utilizing its adjustable parameters (we will make this clear in Section IV). To overcome this disadvantage, we introduce the following fuzzy system. (14) .
6:
We view g', 2: and af > 0 in (17) as adjustable parameters.
We see that the fuzzy system (17) is not only a nonlinear function of x, but also nonlinear in its parameters. In Section V, we will use this fuzzy system as building blocks of our second adaptive fuzzy controller. There are two main reasons for using the fuzzy systems (14) and (17) as basic building blocks of adaptive fuzzy controllers. First, it was proven in [ 191 that the fuzzy systems (14) and (17) are universal approximators, i.e., for any given real continuous function g on the compact set U , there exist fuzzy systems in the form of (14) and (17) such that these fuzzy systems can uniformly approximate g over U to arbitrary accuracy. Therefore, the fuzzy systems (14) and (17) are qualified as building blocks of adaptive controllers for nonlinear systems.
Second, the fuzzy systems (14) and (17) are constructed from the fuzzy IF-THEN rules of (1) using some speciAc fuzzy inference, fuzzification, and defuzzification strategies; therefore, linguistic information from human experts [in the form of the fuzzy IF-THEN rules of (l)] can be directly incorporated into the controllers.
A CONSTRUCTIVE LYAPUNOV SYNTHESIS APPROACH
In this section, we first set up the control objectives, and then show, in a constructive manner, how to develop adaptive controllers based on the fuzzy systems to achieve these control objectives.
TO ADAPTIVE FUZZY CONTROLLER DESIGN
Consider the nth-order nonlinear systems of the form
( 1 8) or equivalently, of the form
where f and g are unknown continuous functions, U E R and y E R are the input and output of the system, respectively, and x = (z1,x2,. . . , = (z,i,. . . , z ( " -~) )~ E R" is the state vector of the system which is assumed to be available for measurement. In order for (1 8) to be controllable, we require that g(x) # 0 for x in certain controllability region U, c R"; since g(x) is continuous, without loss of generality we assume that g(x) > 0 for x E U,. In spirit of the nonlinear control literature [5], [17], these systems are in normal form and havle the relative degree equal to n. The control objective is to force i) the closed-loop system must be globally stable and robust in the sense that all variables, x(t),O(t) and u(x 1 e), must be uniformly bounded, i.e., Ix(t)l 5
Mx < 00, lQ(t)l 5 MO < 00 and Iu(xl0)l 5 Mu < 00 for all t 2 0, where Mx, MO, and Mu are design parameters specified by the designer;
ii) the tracking error, e = ym -y, should be as small as possible under the constraints in (i). In the rest of this section, we shall show the basic ideas of how to construct adaptive fuzzy controllers to achieve these control objectives. (22) to (19) and after some straightforward manipulation, we obtain the error equation
or equivalently positive definite symmetric n x n matrix P which satisfies the
where Q is an arbitrary n x n positive definite matrix. Let V, = $eTPe, then using (24) and (26) we have
In order for x, = p k l ) -e('-') to be bounded, we require that V, must be bounded, which means we require that V, 5 0 when V, is greater than a large constant P. However, from (27) we see that it is very difficult to design the U , such that the last term of (27) is less than zero. To solve this problem, we append another control term, U,, to the U,, i.e., the final control is
This additional control term U, is called a supervisory control.
We now show how to determine the U , such that V, 5 0 when V, > V. Substituting (28) into (19) and using the same manipulation for obtaining (24), we have the new error equation
Using (29) and (26), we have
4-IS(X I &h4 + IdX)UCll
In order to design the U , such that the last term of (30) is nonpositive, we need to know the bounds of f and g, i.e., we have to make the following assumption-the only restrictive assumption for our adaptive fuzzy controllers.
Assumption 1: We can determine functions f U (x), g' (x)
and gL(x) such chat If(x)l 5 fU(x) and gL(x) 5 g(x) 5 g'(x) for x E U,, where fU(x) < m,gU(x) < 00 and gL(x) > 0 for x: E U,.
Based on f U , gu and g~ and by observing (30), we choose the supervisory control U, as 1 In summary, using the control (28) with U , given by (22) and U , given by (31), we can guarantee that V, F: V < 00.
Since P is positive definite, the boundedness of V, implies the boundedness of e, which in turn implies the boundedness of x. Note that all the quantities in the right hand sides of (22) and (3 1) are known or available for measurement, therefore the control law (28) can be implemented.
Our next task, in this constructive route, is to replace f and ij by specific formula of fuzzy systems of (14) or (17) where M f and o are positive constants specified by the designer. If we use the fuzzy system (14) , ignore the af 2 o in (35). For R,, in addition to the constraints similar to (35),
we also require that @(x I 0,) must be positive (since g(x) is positive). Observing (14) and (17), we have
where M,, E , (r are positive constants specified by the designer.
Since both fuzzy systems (14) and (17) 
If we choose of (14) V along the trajectory of (39) is . 1
where we used (26) and $f = ef, 4, = e,. From (31) and g(x) > 0 we have that g(x)eTPbcu, 2 0. If we choose the adaptation law
8, = -y2eTPbc<(x)uc (43) then from (41) we have 1 2
This is the best we can hope to get because the term eT Pbcw is of the order of the minimum approximation error. If w = 0, i.e., the searching spaces for f and g are so big that the f and g are included in them, then we have V 5 0. Because the fuzzy systems in Definitions 1 and 2 are universal approximators, we can hope that the w should be small, if not equal to zero, provided that we use sufficiently complex (in terms of number of adjustable parameters) f^ and 6.
If we choose f and 4 to be the fuzzy systems in the form of (17), then in orderto use the same strategy as above, we have to approximate f and g using Taylor series expnansions.
Specifically, taking the Taylor series expansions of f ( x 1 6';) and g(x I 6';) around Of and Os, we have
where O(14flz) and O (~$ ,~z ) are the higher order terms. Substituting (45) and (46) into (38), we have The rest of the development is the same as (40)- (44) Of E Rf and 8, E R,, then U, (22) and U, (31) will be bounded because in this case f is bounded, g > 0, and recall that e is bounded due to the supervisory control U,. Clearly, the adaptation law (42) and (43) cannot guarantee that 8, E 0 2 s and 0, E R,. To solve this problem, we use the parameter projection algorithm [4] , [9] : if the parameter vectors 6'f and 8, are within the constraint sets or on the boundaries of the constraint sets but moving toward the inside of the constraint sets, then use the simple adaptation law (42) and (43); otherwise, i.e., if the parameter vectors are on the boundaries of the constraint sets but moving toward the outside of the constraint sets, then use the projection algorithm to modifiy the adaptation law (42) and (43) such that the parameter vectors will remain inside the constraint sets. We shall show the details in Sections IV and V. The overall control scheme is shown in Fig. 2 .
We have shown all the basic ideas of constructing stable adaptive fuzzy controllers in a constructive manner. In Sections IV and V, we will inverse the procedure by first showing the detailed design steps of the adaptive fuzzy controllers, and then proving that the adaptive fuzzy controllers so designed have the desired properties. We think that the way of presentation in this section should make it easier to understand how the adaptive fuzzy controllers are obtained, whereas the way of presentation in Sections IV and V should make it easier to use them.
Before we conclude this section, we make an assumption. 
respectively, where AT, B,", C', and D" are fuzzy sets in R,
We allow L f = L, = 0, which means that there are no linguistic descriptions (49) and (50) about f(x) and g(x); therefore, Assumption 2 is not a necessity. We make this assumption for the purpose of emphasizing that our adaptive fuzzy controllers (in Sections IV and V) can directly incorporate these linguisric descriptions (if there is any) into their designs.
Iv. DESIGN AND STABILITY ANALYSIS OF FIRST ADAPTIVE FUZZY CONTROLLER
In this section, we choose f(x 1 0,) and j(x I 0,) to be the fuzzy systems in (14) or (15). We first present the detailed design steps of the adaptive fuzzy controller, and then study its properties.
Design of First Adaptive Fuzzy Controller
Step I : Off The f"(x 1 6,) and j ( x I 19,) are constructed as
Step 3 
where the projection operator P{*} is defined as [4] , [9] P{ -71 eT PbCE(4 1
Use the following adaptation law to adjust the parameter vector: 8,:
0 Whenever an element B,i of 0, = E , use 
where the projection operator P{*} is defined as
The following theorem shows the properties of this adaptive fuzzy controller.
Theorem I : Consider the plant (18) with the controln(28), where U , is given by (22), us is given by (31), and f and g are given by (54) iii) If w is squared integrable, i.e., som lw(t)I2dt < 00, then limt+m le(t)l = 0. Proof of this theorem is given in the Appendix. We now make a few remarks on this adaptive fuzzy controller.
Remark 4.1:
For many practical control problems, the state x and control U are required to be constrained within certain regions. For given constraints, we can specify the design parameters k , M f , M , , e , and V , based on (61) and (62), such that the state x and control U are within the constraint sets. To do this, we need to know some fixed bounds of J y m J , Iyg'I, IfU(x)I,gU(x) and gL(x). Since these functions are known to the designer, it should not be difficult to determine these bounds. After these bounds are determined, we can specify the values of the right hand sides of (61) and (62) (49) and (50) 
is incorporated into the adaptive fuzzy controller by constructing the initial controller based on (49) and (50). If the linguistic rules (49) and (50) provide good descriptions about f ( x ) and g(x)
, then the initial f^ and 4 should be close to the f ( x ) and g(x), respectively; as a result, we can hope that the closed-loop system behaves approximately like (21). If no linguistic information is available, our adaptive fuzzy controller is still a well-performing nonlinear adaptive controller, in the sense of having the properties (i)-(iii) of Theorem 1. In summary, good linguistic information can help us to construct a good initial controller so that we can have a fast adaptation; we will show an example in Section VI to illustrate this point.
Remark 4.4: From (iii) of Theorem 1 we see that in order
for the tracking error e ( t ) converge to zero, we require that the "minimum approximation error w" defined by (37) is small (in the sense of squared integrable). So a natural question is whether the fuzzy systems f and have the capability of accurately approximating the nonlinear functions f and g. In
[19], we proved that fuzzy systems in the form of (14) or (17) are universal approximators, i.e., they are capable of uniformly approximating any real continuous function over a compact set to arbitrary accuracy. ATherefore, if we use sufficient number of rules to construct f and g, the w should be small.
Remark4.5:
The basic idea of the projection algorithm in (56)- (60) is as follows: if the parameter vector is inside the constraint set or on the boundary of the constraint set but moving toward the inside of the constraint set [which corresponds to the cases of the first lines of (56), (58) and (59) (42) and (43)]; if the parameter vector is on the boundary of the constraint set but moving toward the outside of the constraint set [which corresponds to the cases of the second lines of (56), (58) and (59) Fig. 3 . Illustration of the projection algorithm.
supporting hyperplane [9] at Of or 8, to the convex set Rf or a,. Fig. 3 shows a two-dimensional example for 8,.
Remark 4.6:
In this adaptive fuzzy controller, we fix the fuzzy sets in the IF parts of the rules for the fuzzy systems f" and ij. An advantage of doing so is that the fuzzy systems f^ and ij are linear in the parameter; therefore, we were able to use a relatively simpler adaptation law to adjust the parameters and convergence of the adaptation procedure is expected to be faster because we are not concerned with complicated nonlinear search problems. A disadvantage is that we have to consider all the possible combinations of the fuzzy sets in U,, because these fuzzy sets cannot change so that we should have rules to cover every region of U,, where by "cover" we mean that for each x E U, thFre should be at least one rule in the fuzzy rule bases of f and 6 whose "strength"
is not very small. Since in general the real trajectory of x(t) is only in a certain small region of U,, many rules in f and g are not used for an implementation of the adaptive fuzzy controller, i.e., this adaptive fuzzy controller is not efficient in utilizing its adjustable parameters.
To overcome this disadvantage, we develop another adaptive fuzzy controller next in which the fuzzy sets in the IF parts are also adjustable during the adaptation procedure.
v. DESIGN AND STABILITY ANALYSIS OF SECOND ADAPTIVE FUZZY CONTROLLER From Remark 4.6 we see that the adaptive fuzzy controller in Section IV may require a large number of rules for higher dimensional systems. A way to overcome this rule explosion problem is to allow the fuzzy sets in the IF parts of the rules also to change during the adaptation procedure so that in principle any rule can cover any region of Uc; as a result, we onlyAneed a small number of rules. Specifically, we will choose f and ij to be the fuzzy systems in the form of (17), and develop an adaptation law to adjust all the parameters $, 5; and gf. The price paid for this additional freedom is that the fuzzy systems f" and ij become nonlinear in the parameter, so that we have to use a more complicated adaptation law.
Design of Second Adaptive Fuzzy Controller
Step 1: OfS-Line Preprocessing The same as the first adaptive fuzzy controller, except that we need to specify one more design parameter a.
Step 2 For this adaptive fuzzy controller, we assume that the A:
and B," in (49) and (50) are also characterized by the Gaussian membership functions in the form of (66) and (67), and that L f I M and L, I M .
Determine the initial ef(0) and 8, (0) Equations (68)- (70) are obtained by taking differentials of f in (64) with respect to the corresponding parameters.
Compute using the same algorithm (68)- (70), replacing f by g. * Apply the feedback control (28) to the plant (18), where U , is given by (22), U , is given by (31), and f(x I Of) and S(x 1 0,) are given by (64) and (65), respectively. * Use the following adaptation law to adjust the parameter vector Of:
e eT 8 - +72eTPb,*&u, if (log1 = Mg and e T P b C H~~u ,
Properties of this second adaptive fuzzy controller are
Theorem 2:
The adaptive fuzzy controller designed through (61) summarized in the following theorem.
the above three steps guarantees the following properties:
and (62), respectively. searching space for f(x I 6';) and g(x I 0,) than in the first controller, the minimum approximation error w here should be smaller than the w in the first controller. Therefore, the performance of this controller should be more sensitive to the initial Of (0) and 8, (0) than that of the first controller. That is, if the initial 8,(0) and Q,(O) are close to the optimal 6' ; and O g , respectively, then the total error w may be smaller than the w in the first controller; on the other hand, if the initial Of(0) and 8,(0) are far away from the optimal values, the w will be large. Because the initial controllers are constructed from the linguistic rules (49) and (50), these rules are more important for the second adaptive fuzzy controller than for the first one. 
PENDULUM TRACKING CONTROL
In this section, we use our adaptive fuzzy controllers to control the inverted pendulum to track a sinewave trajectory. Fig. 4 shows the inverted pendulum system (or the cart-pole system). Let 21 = 6' and x2 = 8, the dynamic equations of the inverted pendulum system are [17] where g = 9.8 m/s2 is the acceleration due to gravity, m, is the mass of cart, m is the mass of pole, 1 is the half length of pole, and U is the applied force (control). We chose m, = 1 kg, m = 0.1 kg, and I = 0.5 m in the following simulations.
Clearly, (78) is in the form of (18), thus our adaptive fuzzy controllers apply to this system. We chose the reference signal ym(t) = & sin(t) in the following simulations (other choices are certainly possible).
To apply the adaptive fuzzy controllers to this system, we first need to determine the bounds f U , g U , and gL. For this system, we have 
($ -E)
If we require that 1x11 5 7r/6 (we will specify the design parameters such that this requirement is satisfied), then
Now suppose we require that
Since 1 x 1 1 5 (1z1I2 + 1x212)1/2 = 1x1, if we can make 1x1 5 7r/6, then lzll 5 7r/6. In this case we also have 1x2 1 5 7r/6. Our first task is to determine the design parameters V , k l , k 2 , E , M~ and M g , according to (61) and (62) The state z i ( t ) (solid line) and its desired value ylm(t) = & sin(t) number of constraints, we have freedom in choosing the design parameters. We simply choose k1 = 2 and k2 = 1 (so that s2 + k l s + k2 is stable) and Q = diag( 10,lO). Then, we solve (26) and obtain Step 1 of the designs of both adaptive fuzzy controllers. Next, we simulate the two adaptive fuzzy controllers for this inverted pendulum tracking control problem, each for two cases: without any linguistic rules (Examples 1 and 3), and with some linguistic rules (Examples 2 and 4).
Example 1: In this example we used the first adaptive fuzzy controller, assuming that there are no linguistic rules (49) and (50). We chose r n l = m2 = 5. Since IIC,~ 5 7r/6 for both -(-L;;724) 1, and P F ; ( G ) = exp[-(*) 1, which clearly cover the interval [-7r/6,n-/6] . From the bounds (79)-(81) of f ( x 1 , x z ) and g ( z l , z z ) we see that the range of f ( x l , x 2 ) is much larger than that of g ( q , z z ) , therefore we chose y1 = 50 and y2 = 1. We use the same y1 and y2 in Examples 2-4. Fig. 5 shows the simulation results [ x l ( t ) Based on physical intuition we have the following observation:
The bigger the 21, the larger the f ( s 1 ,~2 ) . (84) Our task now is to transform this fuzzy information into fuzzy rules about f(xl, ~2 ) .
Since (XI, x2) = (0,O) is an (unstable) equilibrium point of the system, we have the first rule RF): IF X I is F; and x2 is F i ,
where F," (i = 1 , 2 , j = 1 , 2 , . . . , 5 ) are the fuzzy sets defined in Example 1, and "near zero" is a fuzzy set with center zero (since only the centers of the THEN part fuzzy sets are used in the fuzzy systems, we do not need to specify the detailed membership functions of these THEN part fuzzy sets; that is, knowing their centers is sufficient). From Fig. 4 we see that the acceleration of z1 is proportional to the gravity mgsin(xl), i.e., we have, approximately, that f(x1,x2) = asin(xl), where a is a constant. Clearly, f ( q , Q) achieves its maximum at 5 1 = n/2; thus, based on (79) 
1 ' : In summary, the final rules characterizing XI, ~2 )
are shown in Fig. 6 , which comprises 25 rules.
Next, we determine fuzzy rules for g(z1,x2) based on physical intuition. Since g (zl,52) determines the strength of the control U on the system and clearly this strength is maximized at z1 = 0, we have the following observation:
The smaller the 2 1 , the larger the g ( x 1 , x~) . (90) Similar to the way of obtaining the rules for f(x1,zz) and based on the bounds (80) and (81), we quantify the observation (90) into 25 fuzzy rules for g ( z l , z z ) , which are shown in Fig. 7 . Fig. 8 shows the simulation results of the first adaptive fuzzy controller for initial condition x(0) = ( -& , O ) T , after the fuzzy rules in Figs. 6 and 7 are incorporated. Comparing Fig. 8 with Fig. 5 we see that the initial parts of control are apparently improved after incorporating these fuzzy rules.
Example 3 In this example we simulated the second adaptive fuzzy controller without using any linguistic rules. We chose: M = 15, the initial %),(O) and %i,(O) randomly in the interval [-g, E] , the initial jjlf(0) randomly in [-3,3] , the initial fj: (O) randomly in [l, 1.31 , and all the initial cr;, and cr' equal to [E -(-$)]/15 = n/45. Fig. 9 The state z1 ( t ) (solid line) and its desired value y m ( t ) = 5 sin@)
Example 4: Here we considered the same situation as in Example 3 except that we used the linguistic rules in Figs. 6 and 7. Since Figs. 6 and 7 each has 25 rules while the fuzzy systems in the controller are constructed each by 15 rules, we only used the two sets of 15 rules corresponding to the middle three columns of Figs. 6 and 7, i.e., we used these 15f15 rules to construct the initial controller. Fig. 10 shows the simulation results in this case for initial conditions x(0) = (-$, O)T and Fig. 10 with Fig. 9 we see that the control performance is apparently improved after incorporating these fuzzy rules.
VII. CONCLUSION
In this paper, we developed two adaptive fuzzy controllers which: 1) do not require an accurate mathematical model of the system under control, 2) are capable of incorporating fuzzy IF-THEN rules describing the system directly into the controllers, and 3) guarantee the global stability of the resulting closed-loop systems in the sense that all signals involved are uniformly bounded. We used the adaptive fuzzy controllers to control the inverted pendulum to track a sinewave trajectory, and the simulation results show that: 1 ) the adaptive fuzzy controllers could perform successful tracking without using any linguistic information; and 2 ) after incorporating some linguistic fuzzy rules into the controllers, the adaptation speed became faster and the tracking error became smaller.
Despite the practical successes, fuzzy control has still gained criticism from some more conventional control researchers. The state 2 1 ( t ) (solid line) and its desired value y m ( t ) = $ sin(t)
From this paper we see that a constructive combination of fuzzy control and conventional control ideas (rather than criticizing with each other) could produce useful results. In fact, we did not invent any new fuzzy systems, i.e., the fuzzy systems used in our adaptive fuzzy controllers are widely used in the fuzzy control literature; similarly, the ideas of Lyapunov synthesis, sliding control, and parameter projection are very common in conventional control. Using these common ideas in conventional control, we could study the long-standing problem of fuzzy control-lack of stability guarantee, and at the same time preserve the most important advantages of fuzzy control-model-free and the capability of incorporating linguistic and fuzzy information. From this paper we see that fuzzy control researchers and conventional control researchers should learn from each other: on one hand, fuzzy control researchers should ackonwledge that the mathematical rigorous approaches in conventional control have produced many powerful ideas and methods, and the applications of which to fuzzy control could make fuzzy control more a science rather than a technology; on the other hand, conventional control researchers should acknowledge the outstanding feature of fuzzy control-the capability of incorporating linguistic and fuzzy information in a systematic and efficient manner. Because SO much human knowledge is represented in natural languages, incorporating it into controllers should be a common goal of all researchers on control. where XQ mln is the minimum eigenvalue of Q. Integrating both sides of (A.5) and assuming that X Q~~, , > 1 side of (47) (47)]. Also, same as (SX), the adaptation law (72), (74) and (75) 
